This paper investigates thermal convection in an anisotropic bidisperse porous medium. A bidisperse porous medium is one which possesses the usual pores, but in addition, there are cracks or fissures in the solid skeleton and these give rise to a second porosity known as micro porosity. The novelty of this paper is that the macro permeability and the micro permeability are each diagonal tensors but the three components in the vertical and in the horizontal directions may be distinct in both the macro and micro phases. Thus, there are six independent permeability coefficients. A linear instability analysis is presented and a fully nonlinear stability analysis is inferred. Several Rayleigh number and wavenumber calculations are presented and it is found that novel cell structures are predicted which are not present in the single porosity case.
Introduction
Porous materials which have a double porosity structure are occupying significant research attention. Such materials, which are also known as bidisperse or bidispersive porosity media, contain normal pores as present in a single porosity material, but the solid skeleton contains cracks or fissures which lead to a second porosity which is known as a microporosity.
The fundamental theory for thermal convection in a bidisperse porous medium was presented by Nield & Kuznetsov [1] , and these writers further developed the area in Nield & Kuznetsov [2] [3] [4] [5] and in Nield [6] . The theories proposed by Nield and Kuznetsov are based upon independent velocity, temperature and pressure fields in both the macro and micro phases.
Falsaperla et al. [7] and Gentile & Straughan [8] employed the Nield-Kuznetsov theory, but they restrict attention to a single temperature field, T. This theory still has independent velocity and pressure fields in both the macro and micro phases and is thus still capable of analysing different behaviour in both structures. For many classes of problem, a single temperature field should suffice. If it is known that widely different fluid and solid temperatures are expected such as when a hot fluid is injected into a cold skeleton, cf. Rees et al. [9] , then perhaps one should consider a theory with separate temperatures in the solid and in the fluid macro and micro phases, cf. Nield & Kuznetsov [1] , Franchi et al. [10] .
The single temperature theory has been further investigated by Franchi et al. [11] , Gentile & Straughan [12] and by Straughan [13, 14] . In particular, Straughan [13, 14] analyses thermal convection in two types of horizontally isotropic (transversely isotropic) bidisperse porous media. Bidisperse porous media are increasingly important in the chemical engineering field, e.g. Enterria et al. [15] , Huang et al. [16] , Ly et al. [17] , Said et al. [18] and they can be man-made designer materials and so it is advantageous to allow fully anisotropic permeabilities at both macro and micro levels. This is the goal of this work. Both the macro and micro permeabilities are taken to be diagonal tensors, but the entries in each are independent and thus there are six permeability coefficients in total.
Thermal convection in anisotropic single porosity media has been intensely studied, e.g. Capone et al. [19] , Harfash [20] , Harfash & Hill [21] , Karmakar & Raja Sekhar [22] , Kuznetsov & Nield [23] , Nield & Kuznetsov [24] , Rees & Postelnicu [25] , Rees & Barletta [26] , Rees et al. [27, 28] , Rees & Tyvand [29] . Since many real rocks are anisotropic, e.g. Fazelalani [30] , Widarsono et al. [31] , this attention is understandable. However, thermal convection in anisotropic bidisperse media has the potential to be much richer than the single porosity case. It is worth pointing out that thermal effects in bidisperse anisotropic porous media have applications in many important areas, e.g. in chemical engineering, Enterria et al. [15] , Huang et al. [16] , Ly et al. [17] , Said et al. [18] ; in landslides, Borja et al. [32] , Montrasio et al. [33] , Scotto di Santolo & Evangelista [34] ; in gas storage in shale, Alnoaimi & Kovscek [35] ; in coal stockpiling, Hooman & Maas [36] ; in hydraulic fracturing for natural gas, Kim & Moridis [37] ; in bone replacement technology, Svanadze & Scalia [38] , Zhou et al. [39] ; in clinical applications, Dejaco et al. [40, 41] , Dufresne et al. [42] ; in heat pipe technology, Lin et al. [43] , Mottet & Prat [44] ; and in many other areas.
The goal in this paper is to present an analysis of linear instability and global nonlinear stability for thermal convection in a fully anisotropic bidispersive porous medium, in the sense that the macro and micro permeabilities may be different in the vertical direction, and in each of the horizontal directions. Details of the linear instability analysis are given while the nonlinear stability results are inferred. The global nonlinear stability boundary is found to be the same as the linear instability one and so our results are optimal and demonstrate that the linear theory captures correctly the physics of the onset of convection.
Governing equations
Throughout we follow Nield & Kuznetsov [1] and employ a sub or superscript f to denote the macro phase whereas a sub or superscript p indicates the micro phase. We use standard indicial notation throughout.
Let the permeability tensors in the macro and microphases be K The governing equations for thermal convection in an anisotropic bidispersive porous medium then have the same form as (2.6), (2.7) of Straughan [14] , although the forms for M f and M p are different. Thus, the basic equations are As in Straughan [14] , U f i and U p i are the velocities in the macro and micro pores, p f , p p are the pressures in the macro and micro pores, ζ is an interaction coefficient due to the macro and micro pores, ρ F , α, and g are a relative density, coefficient of thermal expansion and gravity, respectively. The terms (ρc) m and the thermal conductivity κ have form
where c denotes specific heat at constant pressure, s denotes the solid skeleton, φ is the micro porosity and is the macro porosity. We suppose the bidisperse porous material is contained in the horizontal layer {(x, y) ∈ R 2 } × {0 < z < d} and the boundary conditions are where β = (T L − T U )/d is the temperature gradient. Our aim is to investigate the instability and nonlinear stability of this solution.
Introduce the perturbation variables {u Define the time, velocity, pressure and temperature scales as 
where
We suppose the perturbation solution satisfies a plane tiling periodicity in the (x, y) directions, and we denote the periodicity cell by V. The boundary conditions are
Thermal convection
In Straughan [13, pp. 4-6] , it is shown that for a system of equations more general than (2.11), (2.12), exchange of stabilities holds and the global nonlinear stability threshold for R is the same as the one obtained by linear instability theory. Thus, we employ this result for (2.11), (2.12), and hence the nonlinear stability boundary may be obtained by ignoring the θ ,t and nonlinear terms in (2.11) 5 . Full details of the proof of equivalence of the linear instability and nonlinear stability boundaries are given in Straughan [13, pp. 4-6] .
It is now advantageous to write out explicitly equations (2.11). Thus, let u f = (u f , v f , w f ) and let u p = (u p , v p , w p ). In this section, we dispense with the comma notation for a derivative and denote partial derivatives with respect to x, y or z by a subscript x, y or z. For example, π
Then, equations (2.11) 1−4 and the reduced form of (2.11) 5 after dropping θ ,t and the nonlinear terms become
and
together with We then solve equations (3.1) for u f and u p and we solve equations (3.2) for v f and v p to see that 
and finally 
We require a zero determinant for (3.14) and this leads to the expression for R 2 , The critical Rayleigh number is found by minimizing R 2 in n 2 , l 2 and m 2 . One may show that the numerator is greater than or equal to zero and we have also shown that the denominator is strictly positive. For all the computations, we have performed, the minimum has been achieved for n = 1. The next section discusses numerical results for the minimization of R 2 in l and m with R 2 given by (3.16) with n = 1.
Numerical results and conclusions (a) One porosity
In this section, we report numerical solutions for the minimization of R 2 given by (3.16). However, it is instructive to recollect results for the thermal convection problem in a single porous material when the anisotropic permeability is due to a diagonal permeability tensor of the form K ij = diag{K 11 , K 22 , K 33 }. This problem was analysed in detail by Kvernvold & Tyvand [45] . If we write M ij = μ(K ij ) −1 and set M ij = diag(a 11 , a 22 , a 33 ) then for a single porosity material the governing equations are
With the analogous boundary conditions to (2.12) one may show exchange of stabilities holds and so the stability problem is governed by the system of perturbation equations 
The minimum of Ra 2 is when l = 0 and m = π m instability is initiated with rolls with axis in the y-direction. Let K = diag{K 11 , K 22 , K 33 } be the permeability tensor in the one porosity case, then m 1 < m 2 is equivalent to K 22 < K 11 and so the horizontal permeability is larger in the x-direction and as a consequence it is easier for the fluid to move in the x-direction rather than in the y-direction. Thus, rolls aligned along the y-axis are to be expected physically. When m 2 < m 1 instability is initiated with rolls aligned along the xdirection. The condition m 2 < m 1 is equivalent to K 11 < K 22 and with the horizontal permeability being greater in the y-direction one expects movement in the y and z directions and, therefore, rolls along the x-axis are expected physically. These are results of Kvernvold & Tyvand [45] , but they are important to understand the bidisperse case studied here.
(b) Dual porosity
The case where [13] . The more general case, m 1 = m 2 , s 1 = s 2 but m 1 = s 1 and ω = 1 is covered in Straughan [14] . However, care must be taken when comparing the results of those articles with the present one since the Rayleigh number, Ra, and interaction parameter, λ, in those works differs from the ones used here in (2.8) and (2.10).
The results for the minimization of R 2 given by (3.16) over l and m are reported in tables 1-12. Tables 1 and 2 In the tables, the numbersx andŷ are the wavelength in the x and y directions given byx = 2π/l andŷ = 2π/m. Whenŷ/x = 0 then l = 0, the solution is a function of y and z and so the convection cells are rolls in the x-direction. Whenŷ/x → ∞ then m = 0 and the solution is a function of x and z. In this case, the cells are rolls in the y-direction.
It is useful to recollect the relations Table 1 . Critical values of Ra, l and m for quoted values of ω. The numbersx andŷ represent the critical wavelengths. Here, Table 6 . Critical values of Ra, l and m for quoted values of ω. The numbersx andŷ represent the critical wavelengths. Here, Table 9 . Table 11 . Critical values of Ra, l and m for varying values of s 1 . The numbersx andŷ represent the critical wavelengths. Here, The equivalent transition values for rolls to cells and then from cells to rolls when λ = 0.5 occur for ω = 1.00 and ω = 10.00, respectively. The maximum value ofŷ/x when λ = 0.1 occurs for ω near 0.3, while for λ = 0.5 the maximum is for ω near 2.5, although the values at this maximum differ a lot. When ω = 0.3 and λ = 0.1, we see thatŷ/x = 1.279 whereas when ω = 2.5 and λ = 0. 
